PMM U.S.S.R.,Vol.44,pp.295-300 0021-8928/81/3 0295 $7.50/0
Copyright Pergamon Press Ltd.l198l.Printed in U.K.

ON THE PROBLEM OF STEADY MOTIONS STABILITY
OF NONHOLONOMIC SYSTEMS *

A. V. KARAPETIAN

UbDC 531.36

The results of investigations of stability of steady motions of Chaplygin's non-
holonomic system /1/ are extended to the case of nonholonomic systems of a general
form. The possibility of asymptotic stability with respect to a part of variables
of steady motions of conservative nonholonomic systems is indicated. The results
are illustrated by an example.

1. We shall consider a scleronomic nonholonomic mechanical system subjected to the

action of potential and dissipative forces. We assume the velocities -¢", ..., ¢, of generaliz-
ed coordinates ¢, ..., ¢, to be related by n — ! nonintegrable relations of the form
!
o= be@e =1+1,...,7) (1.1)
r=
and use the equations of motion of the system in the Voronets form
!
4 _a<e+U>+ 2 9+U)b .t 2 0, varsq,'—%b,- r=1,...,0) (1.2)
dt 59, e e ®=TF1 = r
ab ab = ab ab
®r ¥.8 Hr S
Vyps = ——— — —3 + Z (b;,s ——b;‘,. ——)
[ E] ] ]
9s 9, Yoo} I 92
where

1

14 !
0= 3 a.(q)q,¢,, O= ,,21 Oup (9) 0", 20= 3 fu(9)qqs
= r, s=1

which were obtained by eliminating the quantities ¢. from 2T, 8T / 3¢, , and 2F , respectively,
using formulas (1.1); 7T is the kinetic energy of the system; F is a dissipative function,
and U a force function.

We assume that conditions

a(T+U) F __g Pu _, (1.3)
Y, =7 0y, b0
aO+U) a obpy o\ _ (1.4)
T-—-Ov W_O’ 09y ‘—‘OI dqm ”_—;—lenpvurs—o
(p,=m+1,..,n(m >0 a=k41, yhep=14+1, ..., m
pyrys=1, ... I, x= l+—1,...,n)

are satisfied.

Conditions (1.3) imply that Egs. (1.2) can be considered independently of the last n — m
equations of nonholonomic relations which represent Chaplygin type relationships (the first
m — | nonholonomic relations are relations of the general form; the case of m = [ was consid-
ered in /1/). Conditions (1.4) imply that gu{a =4k -+1, ..., l) are ignorable coordinates in
conformity with the definition in /2/.

We moreover assume that

n
:;.; =O’ 2 eﬁvuavzoy bpa:O, (a!ﬁ'yzl‘"‘f‘i,...,l; p=l+1,...,m) (1.5)
n=m-+1

The first group of conditions (1.5) indicates the absence of dissipation by cyclic veloci-
ties, and the second and third groups ensure the existence of manifold of steady motions of
a dimension not less than the sum of ignorable coordinates and the number of nonholonomic rela-
tions of the general form. (The third groups of conditions (1.4) and (l.5)must be omitted in
Chaplygin's systems, while the second group of conditions (1.5) is necessarily satisfied in
the case of a single ignorable coordinate).

On the above assumptions the equations of motion (1.2) together with the equations of
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nonholonomic relations of the general form cbviously admit the solution
G =Go ¢ =0({=1,..., k), Qo = Qo (@ =k +1,.. 2l G=g0 (=1+1,...,m) (1.6)
and the m constants ig, Gas, goo Satisfy the system of &k <{m equations

dU da da - .. .
bm-i- Z [ (ifqtﬁ d;;ﬁ bm) - Z 6““*’;115}%%:0 (i=1,...,0) (1.7

@, f=k+1 p=i{+1 p=m-+1

dql

Note that nonholonomic systems with ignorable coordinates in the sense of definition (1.4)
and (1.5) do not generally admit cyclic integrals.

2. Let us consider an-arbitrary point of the manifold (1.7) and pose the question of
stability of solution (1.6) with respect to perturbations of variables Qi ¢, o , and  9p-

Setting
= ¢ — Giev Yo = Go — 0 (00 = Gao)s Zp = Gp — dpo

we obtain the equations of perturbed motion

Z a;;x;” Z aipyp = Z Bijnzizy + 2 Bijpx; (0p + yp) + (2.1
Z 0pyABigy - Z (0pyy + oyys - yﬁyv) Bigy+ A( aq; -+ Z ) - Zfiixj.
E]

' i P

Z'p — ; bpjl‘j.
‘ 6121]
; dqi dqh -3 oh) -} Zenhvni]’
da; oa;
o Ouy  day 255 ﬁa
Bip == 7, + Z( 7, 0T dq ”’) * Z’ B - D)
1 aaﬁy aaﬁ?
Bipy = < 71, + E Eeuﬁ\’uw
P PO CYS A
I
da
Bajg = Z (eua\’“aj -+ epjvuaﬁ) —( dqi‘ -+ Z 6;5 b )
uw P

Here and subsequently i, f,h:i,..., koa, Byoy=k+1, .., 5 ppo=0l+4+1, ....omp=m-+1,
o noand x=14+1, ... . All coeffficients of system (2.1) are calculated for g¢;=qi 4+ z;
and qp = qpo + Zp; and the symbol A denotes the remainder of values of the respective functions

at points (gi + i, gpo + 2} and (q10, 9o0)-
In the neighborhood of solution (1.6) the first approximation equations assume the form

Z a;;°x;" + % aigyp = D1 ui;°; + Z vix; -+ %Iu;ﬁyﬁ + DtigZs (2.2)
] i J o

2 tagr;” + % cays = Dvos;

7 J

Zp = Z bojxy

6
Uiy == ( + Z e bm -+ 2 Biﬂv‘ﬂa‘ﬂv)
B,.v

Vij; = 2;1 Biiﬁ(oﬁ — fija Uip = Ey‘ (B,'gy + BWE) My, Vgj ZEBI Bajg(l)g

a o7 ou
Uio == 90 (d!]i + 2 vy, boi + 2 Blzvﬁ)a(ﬂv)
P

where the zero superscript indicates that the respective quantity is calculated for z =z = 0
(in input variables for ¢i = Qi and gy = Gyo)-

The characteristic equation of system (2.2) has m — k
roots satisfy the eguation

Bijn=

zero roots and the remaining 2k
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@i A2 —vifh—uil | [lagh—uipl | —uiol
det | 2o —val lazsl g J=0 2.3)
| — &os Kl 1l 800 |

3. If at least one root of Eq. (2.3) lies in the right-hand half-plane, solution (l.6}is
unstable. Let us show that when all roots of Eq. (2.3) lie in the left-hand half-plane, we
have a particular case of the critical case of several zero roots.

Equations (2.2) admit m — Ak linear integrals
P . o 3.1)
2 o x; + Zoaﬁya »Zv%‘xj =MNa (Me=const,a=4Ah-}1,...,10) (
7 B J

—Zb;szcp(cp.—:const, p=Il+1,...,m) (3.2)

We substitute variables m and { for ¥ and z using formulas (3.1) and (3.2), respectively.
We first solve system (2.1) for higher derivatives, then write the equations of perturbed mo-
tion in variables z, § =2, wn and [, We obtain

z =

ai'—ZA‘,(x 5Dz, n,C)JrZ‘F”(r y D E
Na =2“w 5 (@, D) ®; (2,1, 7) +Z%,- (@ &, 0L,
o —Eﬁm (z, OE;

where A, are elements of matrix which is the inverse of matrix | a.|(r, s=1,... ., 1), and the
expansion of functions ®;, ¥y, and By; in powers of its variables begins with terms of an
order not lower than the first, while W% are generally nonzero. The explicit form of
functions ®,¥, and P is not presented owing to their unwieldiness.

Since the expansion of functions @; may contain terms that are linear with respect to
n and {, it is necessary to transform the variables so as to reduce the system to the stand-
ard form for the investigation of the critical case of several zero roots. For this we shall
consider the system of equations
& =0, ZA,](x L) D;(x, m, €)+E‘P,](z ENDE=0 (i=1,...,k
by solving which for z and &t we obtain
§ =0, = = X;(n, )
where X,; satisfy the system of equations
Q;(X,m, =0 (G=1,...,k)det]Ad;;[++0)
whose solution is known to exist, since it is assumed that all roots of Eq. (2.3) lie in the

left half-plane.
We carry out the change of variables

zi=X;(m O+
and write the equations of perturbed motions in variables %, &, 1, and z

Xi = E.-fEi(x, g m, 0 (3.3)
v= Y| Y (F
J h

hj )0 Yn + qfijogj-l + Zei (6 &M D)
Mo = ]Ei 2 Ae; (X (0, 8) + %, D)@ (X (0, 0) - %, O 4+ AV (X (1,0 43,51, 0

L= ;ﬁw‘ (X(.0) + 1 0E,

B = [; % Mo + Z, % CD'LB) =8t
Bt = L {Ai,- XD+ %00 (X(0,0) + % 1,0) —
J

Do (52) xu H 1P XD F b~ g |

h

When % = & =0 the right-hand sides of equations for M and [ of system (3.3) are
identically zero, hence also E; (0,0, 1, §) = E;,;(0,0,m,8 =0 /3,4/, i.e. system (3.3) is of
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the form that corresponds to the particular case of the critical case of several zero roots.
Thus, when all roots of Eq. (2.3) lie in the left half-plane, the Liapunov--Malkin theorem
holds and solution (1.6) is stable (but not asymptotically). Then any perturbed motion fairly
close to the unperturbed approaches one of the possible steady motions of the form (1.6) that
belong to manifold (1.7) (but not to the unperturbed one) as t— 4 oo.

4. Using elementary transformations it is possible to reduce Eq. (2.3) the form (where
the prime denotes transposition)

det || 432 — (G + D) A — (€ + E) || = (4.1)
4 =nau°—gih;ﬁa;ia;j I §hasll =l aasl™ (@, p=Fk+1,...,0)
G+ D =fv” — 3 Hou(ay + azuiy Iy 6 =—G, D'=D

@,

C+ Bl + 3 hoiarn, + Supbysl, €=, E'=—E
@, o

Equation (4.1) may be considered to be the characteristic equation of the system of equa-
tions of motion

Aw” = Guw' + Dw' -+ Cw + Fw (4.2)

where w is a k-dimensional column vector, of the holonomic system with k degrees of freedom,
subjected to the action of potential, position nonpotential, gyroscopic, and dissipative-ac-
celerating forces. It is possible to reduce the problem of steady motion stability of the in-
put system, as in /1/, to that of equilibrium stability of system (4.2) which we shall call
"reduced". As in /1/ it is possible to obtain a number of theorems on stability, or instabil-
ity of steady motions of nonholonomic systems of the general form. All results of /1/ stated
in the form of conditions on matrices appearing in Eqg. (4.1) remain valid (the form of these
matri;es, except matrix A, changes but, generally, coincides with the form in /1/ only when
m = 1).

Let us now assume that external dissipative forces are absent (F=0). In this case mat-
rices A,G,C, and E remain unchanged,while matrix D does not vanish and assumes the form

D¥=fidi s dir = ¥ 0p{ ¥ Ohvhin 4 Ovin) — Y v [¥ias (@it 4 01500) + O (@uvhip -+ alavin) 1}
B " |5

, &, Y

This shows that under specific conditions Egq. (4.1) can have all of its roots in the left
half-plane also for conservative nonholonolic systems.
The above evidently occurs, for instance, under conditions /5/

E=0 v (—C)w>0, Vw0, &' (D" w>0, Vw0 (4.3)

or under conditions /6,7/
W (=0 w>0 Vus0 —D*=8D,, v'Daw>0, Yo (4.4)

(>0 is fairly large) which means that in the reduced system the potential energy has a min-
imum in equilibrium, the dissipative~accelerating forces are pure dissipative with total dis-

sipation and, either potential position forces are absent (4.3), or the dissipative forces of

the reduced system are fairly intensive (4.4).

5. We thus have the following position the characteristic equation of the system of equa-
tions for perturbed motion in the neighborhood of steady motion of a conservative nonholonomic
system has, under certain conditions (e.g., (4.3) or (4.4)), besides zero roots, all its remain-
ing roots with negative real parts. This phenomenon, impossible for holonomic systems, has a
fairly simple explanation: the equations of perturbed motion of nonholonomic systems contain
also in the conservative case besides the input forces, other forces including dissipative-
accelerating ones. To verify this it is sufficient to write down the nonholonomic terms of
the input system in the neighborhood of solution (1.6). Note that the nonholonomy terms in
the equations of motion are linear combinations of reactions of nonholonomic relations, quad-
ratic forms with respect to velocities, which in the steady motion neighborhood are sums of
potential, nonpotential positional, gyroscopic, and dissipative accelerating forces. The last
of which may under certain conditions be purely dissipative, yielding the unexpected effect of
the presence in a conservative nonholonomic systems of roots of the characteristic equation
with negative real parts and absence roots with positive real parts.

This means, among other things, that, although the input system and the equations of per-
turbed motion admit in the conservative case an energy integral of the form

@ — U = const (5.1)
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the linearized system does not admit such integral. Function 6_ in (5.1) is a quadratic form
of velocities ¢ (s=1, ..., 1) or the sum of quadratic and linear forms of velocity perturba-
tions ;" (i =1, ..., k) and yo (@ =k+4-1,...,1), as well as the function of variables z; and

%, independent of ;" and Yo r Which in variables X E, M, and { contains terms of the form

%U‘ana (5.2)

The total derivative of function (5.2) is by virtue of the linearized system zero, while
by virtue of the total system it is nonzero, and containg terms which yield zero only in con-
junction with the respective terms of the total derivative of the remaining part of function
(5.1) which is nonzero by virtue of the linearized system. Perturbations of ignorable co-
ordinate momenta can be juxtaposed to variables %, in holonomic systems. The ignorable co-
ordinates maintain their initial values and by virtue of the complete system of equations of
perturbed motion, since in holonomic systems the first integrals correspond to ignorable co-
ordinates.

Note that the coefficients of matrix D* linearly depend on the velocities of ignorable
coordinates so that under specific conditions with a certain selection of signsof wq (@ =k -+
1, ..., ) the dissipative accelerating forces may be purely dissipative, while with the op-
posite selection of signs of Wabe purely accelerating. This means that the steady motions of
nonholonomic systems can be stable (asymptotically with respect to variables X and ) when
the motion is "in one direction" and unstable when it is in the "opposite direction" (under
otherwise equal conditions).

6. Example /8/. Consider a heavy solid body bounded by a convex surface laying
on a horizontal absolutely rough plane. The position of the body is specified by the z—
and ¥ -coordinates of its center of mass in the Oryz system of coordinates (the plane O:y
coincides with the horizontal plane, and the Oz -axis is directed vertically up) and by Euler's
angles 8, ¢, and ¥ formed by the principal central axes G Gv, and G, of the body ellipsoid of
inertia, and the axes of the stationary coordinate system. Then the Lagrange function and
the system relations which express the absence of slip at the point of contact of the body
with the plane assume the form

1 . | _ . 1 .
= 5 [Acos?@ - Bsin® @ + m (y; cos 0 —¢sin0p] 072 -1-T(C + mye?sin?0) @2 - = [(4sin? @ -+ B cos? ¢} sin? 0 |- C cos? 0] ¢+

- . e ey A
m (710050 — £5in 0) v, 5in 00"’ -- (4 — B)sin O sin @ cos g8Y" -+ C cos 09" -+ - m (z°2 + y?) + mg (i 5in 0 + L cos 6)

2" = a0 4 0"+ a, Tyt = B0+ BT 4 B

@ = —(yrsin B+ Lcos ) sin, oy =y, cos 0siny+ y, cos

@ =y sin+ (yycos 0 — {sin0)cosy, B; = —do; /9 (i =1,2,3)
vy =E&sing+ncosp, v, =ELcosp —nsing

where m is the mass of the body; 4, B, and ¢ are its principal central moments of inertia;
£, m, { are the coordinates of the point of contact of the body and the horizontal plane in the
system Gini. It can be shown that & m, and { are functions of variables 6 and ¢ detexmin-
ed by the form of the equation which specifies the boundary surface of the body.
The above system is obviously a Chaplygin system; a direct test of conditions (1.4) will
prove that ¢ is an ignorable coordinate. Hence the input system admits the solution

6 = const, ¢ = const, Y = const
and, in particular, the solution

=an/2, ¢=0, % = o = const (6.1)

which corresponds to rotation of the bedy at constant angular velocity about the vertical prin-
cipal axis Gn of the body ellipsoid of inertia.

Omitting the presentation of the input equations of motion because of their unwieldiness,
we write the equations of perturbed motion

A+ ma®u = ma (ry — ) sin @ cos awu’ — [A 4 € — B - 2ma? —
ma (ry sin® o + ry cos?a)]or” + [(C — B)o® + m (@ — ry cos?a —
rg sinfa)(g + aw®)] u — m (r, — ry) sina'cos a (g + awt)v + U
(€ -+ ma®p ™" = {4 + C — B 4 2ma® — ma (r, costa re sin 2a)ou” —
ma (r; — 1) sin @ cos @ 0" — m (r, — ry) sin & cos & (g + ae)u +
[(A — B)w? + m (a — ry sin?a — r, cos?a)(g + aw?)lv + V
Bw =W
where u, v, and w are perturbations of variables 0, ¢, and ¥ U, v, and W are functions of vari-

ables u, u', v, v, and »w whose expansion begins with terms of order not lower than the second,
and U (0,0,0,0, w)=V(0,0,0,0, w)=W(0,0,0,0, w)=0; a is the distance between the point of
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contact of the body with the plane, and its center of mass; rp and r, are the principal
curvature radii of the body surface at the point of its contact with the plane; and « is the
angle between the principal axis of the central ellipsoid of inertia at instant (C(G{) and the
direction of the principal radius of curvature r.

Composing the characteristic equation for the linearized system, rejecting the zero root
that corresponds to the critical variable w», and applying the described above results, we
obtain that the steady motion (6.1) is stable and, when all roots of the equation

PM 4 QoA + RA2 - ok - S == 0 (6.2)

lie in the left half-plane, it is asymptotically stable with respect to 0,0, ¢, and ¢7 it
is unstable, if at least one of the roots of Eq. (6.2)lies in the right half-plane. 1In this

equation P = (A + ma®)(C + ma?), Q = (4 — C) ma(ry — ry) sin & cos a

R=[{(A+C—B+42ma®)? (44 C—B+ 2ma¥yma(r,+ ry) +
m2a’rirolo? — (4 + ma®)l(4 — B)o? - m (a — ry sin?a — r, cos’a)-
(g + aw®)] — (€ + mad)[(C — B)o? + m (a—r, sina — r; costa)(g 1 aw?}]
S =4 — B(C — B!+ m{g+ avHo? [4 (a — ry cos?a — r, sin?o) 4-
C (a — rysin®a — ry cos?n) — B (2a — r; — r,)] = m? (g + an?)?
(@a—2)(a—ry)
Using the Hurwitz criterion we find that all roots of Egq. (6.2) lie in the left half-
plane, if the conditions

(R—Pw?)w?—S >0, S>0 (6.3)
(A — CO)re — ) wsinacosa >0 (6.4)

are satisfied. If even only one of these inequalities is violated, Eqg. (6.2) has at least
one root in the right half-plane.

Inequalities (6.3) impose constraints only on mass distribution in the body, and its sur-
face geometry, and on the angular velocity, while inequality (6.4) imposes the constraint on
the sign of angular velocity (direction of rotation). The last inequality has a simple geo-
metrical interpretation. The rotation is stable when a principal axis of inertia of the body
(the large or the small) precedes the respective (large or small) axis of principal curvatures
of the body surface at the point of its contact with the horizontal plane, and is unstable in
the opposite case /8/. Another interpretation was proposed by Rumiantsev. The guantity
(4 —C)sinacosea represents the product of inertia of the body with respect to axes linked to
the directions of the principal radii of curvature of the body surface. Condition (6.4) then
indicates that, for instance, when ry>r, in the case of stability the sign of the product
of inertia must be the same as that of the angular velocity of rotation of the body.

The author thanks V. V. Rumiantsev for valuable advice and discussion of results.

REFERENCES

1. KARAPETIAN, A. V., On the stability of steady motions of Chaplygin's nonholonomic systems.
PMM, Vol.42, No.5, 1978.

2. EMEL'IANOVA, I. S. and FUFAEV, N. A., On stability of steady motions, in: Theory of Oscil-
lations, Applied Mathematics and Cybernetics, Izd. Gor'kovsk. Univ., 1974.

3. LIAPUNOV, A. M., Collected Works, Vol.2. Moscow— Leningrad, Izd. Akad. Nauk SSSR, 1956.
4. MALKIN, I. G., The theory of Motion Stability. Moscow, "Nauka", 1966.

5. CHETAEV, H. G., The stability of Motion. Works on Analytical Mechanics. Moscow, Izd. Akad.
Nauk SSSR, 1962. (see also English translation, Pergamon Press, Book No. 09505, 1961) .

6. KARAPETIAN, A. V., On stability of nonconservative systems. Vestn. Moskovsk. Univ.Matem.
i Mekh. No.4, 1975.

7. RUMIANTSEV, V. V. and KARAPETIAN, A. V., Stability of motion of nonholonomic systems.
Achievements of Science and Technology. General Mechanics, Vol.3, Moscow, VINITI, 1976.

8. MAGNUS, K., The Gyroscope (Russian translation). Moscow, "Mir", 1974.

Translated by J.J.D.



